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I. INTRODUCTION 
The problem of shimmy of rol l ing wheels  has  been of i n t e r e s t  f o r  many 
yea r s ,  pa r t i cu la r ly  i n  the  case  of a i r c r a f t  d e s i g n ,  where we igh t  r e s t r i c t ions  
limit the remedies which may be a p p l i e d  t o  p r e v e n t  t h i s  i n s t a b i l i t y  phenomenon. 
A number of t h e o r i e s  have been proposed fo r  quan t i t a t ive ly  exp la in ing  shimnly 
c h a r a c t e r i s t i c s  i n  t h e  r o l l i n g  wheel.  These  range  from re la t ive ly  s imple  
theor ies  involv ing  the  poin t  contac t  of a r i g i d  wheel t o  much more sophis t i -  
c a t e d  t h e o r i e s  t r e a t i n g  t h e  t i r e  as an  e l a s t i c  body of some complexity. Among 
t h e s e  l a t t e r  t h e o r i e s ,  p e r h a p s  t h e  most common single element i s  t h a t  of t he  
so-ca l led  "s t r ing  theory"  descr ip t ion  of the motion of t h e  c e n t e r  l i n e  of a 
ro l l ing  pneumat ic  t i re .  This  name a r i s e s  f rom the descr ipt ion of t h e  t i r e  
midplane by means of a r e l a t i v e l y  s i m p l e  d i f f e r e n t i a l  e q u a t i o n  i d e n t i c a l  t o  
t h a t  which would be used t o  d e s c r i b e  a s t r i n g  under  tens ion  wi th  la te ra l  
r e s t r a i n t  by an e l a s t i c  founda t ion .  It i s  a purpose of t h i s  i n v e s t i g a t i o n  t o  
a s ses s  the  adequacy of t h e s e  s t r i n g  models f o r  the  pneumatic- t i r e .  
Although several theories have been proposed f o r  t h e  c a l c u l a t i o n  of 
shimmy charac te r i s t ics ,  on ly  l imi ted  exper imenta l  work i s  ava i l ab le  i n  t h i s  
a rea ,  and p a r t l y  as a consequence of t h i s ,  c l ea r  i nd ica t ions  po in t ing  ou t  t he  
bes t  shimmy theory  a re  not  ye t  ava i lab le .  In  addi t ion ,  exper ience  wi th  des ign  
problems seems t o  i n d i c a t e  t h a t  shimmy phenomenon can occur under si tuations 
when they  are  not  pred ic ted  by ex i s t ing  theo re t i ca l  fo rmula t ions .  Fo r  th i s  
reason there  i s  s t i l l  con t inu ing  in t e re s t  i n  determining the source of in- 
adequacies of the  present  theor ies .  It is conceivable on t h e  one  hand t h a t  
1 
the theories themselves could be i n  some manner de f i c i en t .  It i s  a l s o  con- 
ce ivab le  tha t  t he  e l a s t i c  cons t an t s  u sed  to  desc r ibe  a pneumatic t i r e ,  i n  
terms of s t r ing theory,  could be i n  e r ror  s ince  these  cons tan ts  a re  a lmost  
universal ly  taken under  s ta t ic  or a t  bes t  slow ro l l i ng  cond i t ions .  A. 
major objective of t h i s  s t u d y  i s  t o  attempt to  a sce r t a in  whe the r  such 
s ta t ica l ly-de termined  e las t ic  cons tan ts  a re  adequate  for pneumatic t i r e  de- 
scription. 
2 
11. SUMMARY OF RESULTS 
This  s tudy i s  based upon sca l e  modeling of a 40 x 12, 14 p~ WPe VII 
a i r c r a f t  t i r e  f a b r i c a t e d  t o  a s c a l e  r a t i o  of 8.65. A number of such scale 
models  were made and t h e i r  s t a t i c  e l a s t i c  c o n s t a n t s ,  as wel l  as slow speed 
ro l l i ng  cons t an t s ,  were  determined. This data was used as inpu t  fo r  a se- 
quence of t i r e  c a l c u l a t i o n s .  
The t i r e  c a l c u l a t i o n s  c a r r i e d  o u t  h e r e  used both point contact and f i n i t e  
contact  patch length theory as i s  commonly used i n   t h e   t i r e  shimmy l i t e r a t u r e ,  
f o r  example, von Schlippe and Die t r i ch  [l] and Segel [ 3 ] .  Computations  were 
car r ied  out f o r  t h e  c a s e  of a wheel under forced sinusoidal steer angle oscil-  
l a t i o n  and, separately,  under  forced s inusoidal  la teral  displacement  of t he  
wheel hub center .  The quan t i t i e s  ca l cu la t ed  were l a t e r a l  f o r c e  a s  a funct ion 
of t ime,  self-al igning torque as  a func t ion  of time, and t h e i r  phase  angles 
w i t h  r e s p e c t  t o  e i t h e r  t h e  f o r c e d  s t e e r i n g  v a r i a t i o n  o r  t h e  f o r c e d  l a t e r a l  
var ia t ion .  The output   response  quant i t ies  were s i n u s o i d a l  i n  a l l  c a s e s ,  and 
hence the output computation may be thought of in  te rms  of an amplitude and 
a phase angle w i t h  respec t  to  the  forced  d isp lacements .  
Such computations were compared w i t h  data obtained from these small 
s ca l e  t i r e s  unde r  dynamic t e s t s  on a 30-in. diameter small scale road wheel. 
Frequencies from 1 t o  7 Hz and su r face  ve loc i t i e s  from 0.84 t o  38.7 f t / s e c  
were  used. It was found t h a t  t h e  c r i t i c a l  r a t i o  d e s c r i b i n g  t h e s e  m o t i o n s  
was pa th  length  dependent ,  in  tha t  a l l  quant i t ies  could  be reduced i n  a d i -  
mensionless fashion by expressing them a s  t h e  r a t i o  of input  f requency  to  
3 
surface veloci ty .  The d a t a  a l s o  showed good l inear i ty  of f o r c e  and moment 
cha rac t e r i s t i c s  w i th  inpu t  steer or  displacement amplitudes. These experi-  
ments a r e  more extensive than  t h e  e a r l i e r  data of S a i t o  [4], but are general ly  
i n  agreement w i t h  them. 
In  genera l  the  exper imenta l  data agreed well  with calculat ions based on 
f i n i t e  c o n t a c t  p a t c h  s t r i n g  t h e o r y .  For the case of  la teral  displacement  cf 
t h e  hub cen te r  po in t ,  a l l  c h a r a c t e r i s t i c s  seem t o  be pred ic ted  qui te  wel l  by 
s t r ing  theory  except  for  se l f -a l ign ing  torque ,  whose predict ions are  high by 
a f a c t o r  of two. For the  case  of s t ee r  ang le  d i sp l acemen t ,  a l l  p rope r t i e s  
were predicted well  u s ing  s t r ing  theo ry  w i t h  the except ion of t h e  l a t e r a l  
force phase angle,  which d i f f e r s  from experimental data by approximately 50".  
Several  different  e las t ic  constants  were used in  the computat ions,  in  
o rde r  t o  see  i f  v a r i a t i o n s  i n  them resul ted in  c loser  agreement  between theory 
and experiment. However, no s i n g l e  c o n s i s t e n t  s e t  o f  t i r e  e l a s t i c  c o n s t a n t s  
could be found which b e t t e r  e x p l a i n s  t h e  dynamic response of t h e  t i r e  t h a n t h e  
cons tan ts  go t ten  d i rec t ly  by  exper imenta l  measukement from s t a t i c  and slow 
r o l l i n g  measurements. 
In  corroborat ion of  t h i s  l a t t e r  conc lus ion ,  t he  t i r e  l a t e r a l  e l a s t i c  
constant  was measured as a function of frequency and e s s e n t i a l l y  no frequency 
ef fec ts  were  found up  to  7 Hz. 
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111. T I R E  CONTACT ANALYSIS  USING  STRING THEORY 
The equat ion governing posi t ion of  the contact  patch i s  based on t h e  
pos i t i on  and or ien ta t ion  of  the  wheel  p lane .  In  i t s  s implest  form t h e  t i r e  
may be considered to  contact  the ground a t  a s ingle  poin t ,  such  as i s  shown 
in  F ig .  1. von Schlippe and Die t r ich  [l] have shown t h a t  u n d e r  t h i s  
S 
,POINT 
Fig.  1. Geometry for t i r e   p o i n t   c o n t a c t   a n a l y s i s .  
assumption the motion of the contact patch can be approximated by the equation 
dy = " - z + @  1 
d s  h 
where s i s  the forward motion and h i s  a t i r e  p rope r ty  g iven  the  name re lax-  
a t ion  l eng th .  z is  a func t ion  of s only, and here  
z = y - x  
5 
Equation (1) has as i ts  o r i g i n  t h e  f a c t  t h a t  s o l u t i o n s  t o  it c lose ly  
resemble experimental data on the  center l ine  d isp lacement  of  yawed t i r e s .  
This equation i s  i d e n t i c a l  i n  form t o  t h e  e q u a t i o n  fo r  l a t e ra l  d i sp l acemen t  
of a t i g h t l y  s t r e t c h e d  s t r i n g  s u p p o r t e d  l a t e r a l l y  by an e las t ic  foundat ion ,  
and f o r  t h i s  reason such formulations are given the generic name " s t r ing  
theory.  I' 
If the  contac t  pa tch  has f i n i t e  l e n g t h  2h, it i s  necessary  to  in t roduce  
coordinates and def in ing   the   pos i t ion   o f   the   t ra i l ing  edge of the   contac t  
patch  as shown in  F ig .  2. Due t o  t h e  i n t r o d u c t i o n  of t h i s  length,  z now 
t akes  the  form 
while 
B = y - ( x - h a )  
Thus, Eq. (1) must now be modified by the introduction of Eq. (2b )  in to  it, 
which y i e lds  
- + ; y  dY 1 = - x + @ ( l + - h )  1 1 
d s  h A 
This i s  the  fundamental   equation for t i r e  t r a c k i n g .  Two spec ia l  ca ses  o f  
t h i s  problem w i l l  be  invest igated.  Firs t  the s implif ied point  contact  prob-  
lem and then  the  f in i te  contac t  pa tch  length  approach .  Each case w i l l  con- 
s i d e r  two separa te  input  condi t ions ,  one a p u r e  s i n u s o i d a l  l a t e r a l  d i s p l a c e -  
ment and the  o the r  a pure  s inusoida l  s teer  angle  input .  
6 
S= path coordinate-abscissa of wheel-center point 
- y *  
z - WHEEL PLANE 
- x  T I R E  CONTACT  PATCH 
(WHEEL 
DISPLACEMENT) 
GROUND 
A $? CONTACT 
Fig. 2. Geometry f o r  t i r e  f i n i t e  c o n t a c t  a n a l y s i s .  
A.  POINT CONTACT 
The point contact problem considers h =  0 i n  ( 3 ) .  This can then be sepa- 
rated i n t o  two problems. The f i rs t  w i l l  l e t  0 = 0 and x = x s i n  M, where 
R i s  the frequency of a s inusoida l  la teral  displacement. The second case 
w i l l  l e t  x = 0 and @ = @ s i n  R t .  
0 
0 0 
Case 1: Sinusoidal  Lateral Motion 
4l = o  and x = x s i n  R t  
0 0 
Equation ( 3 )  becomes 
7 
- x s i n  S% 1 
d s  h o  
where v t = s. 
0 
The complementary so lu t ion  i s  a t r a n s i e n t  and decays rapidly. 
- s /A  
= Ae 
Thus a p a r t i c u l a r  s o l u t i o n  of t h e  form 
yP 
= yo s i n ( . ~ t  + a)  
will be used as t h e  s o l u t i o n  t o  (>), where 
and 
YO 
V 
" - 0 
X 
O J x L 7  
= [ c o s  a[ 
0 
The l a t e r a l  f o r c e  on t h e  hub may be expressed as 
Subs t i t u t ing  (4), (6), and (7) i n t o  ( 9 )  and s implifying  gives  
F = K x [ s i n  a / -  s in(Rt  + a )  
JI L O  
where 
tan a = 
s i n  a cos a 
2 
cos a -  1 
Therefore  the maximum l a t e r a l  f o r c e  due t o  a s inuso ida l  l a t e ra l  d i sp l acemen t ,  
assuming a poin t  contac t  pa tch  i s  
and i t s  corresponding phase angle i s  given by (11). 
Case 2: S inusoida l   S teer  
x = o  and 0 = 0 s i n  M 
0 
Equation (13)  now becomes 
Again,  using only the s teady s ta te  solut ion,  
Y = yo s i n ( n t  + a)  
where again 
t a n  a = - AR -
V 
0 
and 
V 
" - 0 = cos a 
0 
The l a t e r a l  f o r c e  on t h e  hub becomes 
9 
where 
Therefore the maximum l a t e r a l  f o r c e  due t o  a sinusoidal steer angle assuming 
a point  contact  patch i s  
and i t s  corresponding phase angle i s  given by (19). It i s  noted that  the  
poin t  contac t  theory  necessar i ly  pred ic t s  no se l f - a l ign ing  to rque  fo r  e i the r  
the  case  of s i n u s o i d a l  l a t e r a l  motion or  s inuso ida l  s t ee r  motion. 
B. FINITE CONTACT PATCH LENGTH 
A f i n i t e  c o n t a c t  p a t c h  o f  l e n g t h  2h i s  now introduced by means of  the  
concept  tha t  the  pa tch  i s  immovable once it con tac t s  t he  ground. Hence the  
forward contact point i s  t h e  c r i t i c a l  one, s ince  it determines a l l  that fo l -  
lows. Deno t ing  the  t r a i l i ng  edge  by a bar, 
Assume f o r  s i m p l i c i t y  t h a t  t h e  p o i n t s  z and i, and hence y  and Y ,  a r e  con- 
nected  by a s t r a igh t  l i ne .  Re fe r r ing  to  F ig .  3 ,  t h e  side force  F and the  
self-al igning torque C may be  computed. 
9 
Z 
10 
These lim [its of in tegra t ion  a re  approximat ions  to  make t h e  r e s u l t i n g  a l g e b r a i c  
expressions simpler,  and are jus t i f ied  s ince  d isp lacements  near ly  vanish  some 
d is tance  away from the  contac t  pa tch .  u i s  a s t i f f n e s s  c o n s t a n t  p e r  u n i t  
length.  Carrying out  the integrat ion and s implifying gives  
F = a(z + i ) ( h + h )  
Jr 
TIRE CONTACT -" PATCH 
I I 
Fig. 3. Geometry for determining F and C . 
$ Z 
However , 
F Jr = KL (9) 
KL a = -  
2(h+h) 
Similar ly ,  
11 
where t h e  same s implifying approximations are  made i n  t h e  limits o f  integra-  
t i o n .   I n t e g r a t i n g  and s implifying 
Case 3: S inusoida l   La tera l  Motion 
As before,  0 = 0, x = x s i n  M and y = y s i n ( R t  + a ) .  Now, however 
0 0 
- 
Y =  F i n  - V (s-2h) + a  1 R (25) 0 
Thus z = y-x remains as before,  but now z = y-x. Also y = x cos a which i s  
the same as before  (8). S u b s t i t u t i n g  and z in   (22)   and  s implifying 
”
0 0 
2J? 
” 
KL 
’ - c s i n ( a t + c )  = z+i 
where 
and 
Therefore the  maximum l a t e r a l  f o r c e  due t o  a s inusoida l  l a te ra l  displacement, 
assuming a f i n i t e  c o n t a c t  p a t c h  l e n g t h ,  i s  
12  
KL 
(FJr)max = - x I cos a1 2 0  
and i t s  corresponding phase angle i s  given by (28). 
Unlike the point  contact  theory,  the f ini te  contact  approach predicts  a 
s e l f - a l ign ing  to rque  for a la te ra l  d i sp lacement  input .  This  is obtained by 
s u b s t i t u t i n g  z and in   (24)  and simpliQing 
2c 
Z - 
= D s in (n t+d)  = z-z 
where 
2hR - s i n  -
d = a rc t an  ( :io ) + a and D = 2% 0 I cos a Sin - hR 1 (31) 
cos - - vO 
0 
Thus 
c = K~[L  + &d xoI cos a s i n  - 1  hR sin(Rt+d)  
z vO 
Therefore the maximum se l f -a l ign ing  torque  due t o  a s i n u s o i d a l  l a t e r a l  d i s -  
placement,  assuming a f in i te  contac t  pa tch  length ,  i s  
(Cz)max = KL 1 + -1 xoI cos a s i n  - hR I 
vO 
(33  1 
and i t s  corresponding phase angle i s  given by (31). 
Case 4: S inusoida l   S teer  
For s inusoida l  s teer  the  forward  por t ion  of the  contac t  pa tch  i s  governed 
b u t ,  f o r  a f i n i t e  c o n t a c t  p a t c h  l e n g t h ,  z = y - h@, t h u s  
Again  using a p a r t i c u l a r  s o l u t i o n  y = y sin(S2t + a ) ,  with @ = @ s i n  Slt, 
t an  a = - - as before ,  b u t  
0 0 
hR 
VO 
4 (1 + h)  
l. 
0 - = @ (h+h) I cos a1 
0 
Now, t o   f i n d  F and C z and must be   subs t i tu ted   in to   (22)  and (24) .  
$ Z’  
with 
Thus, from (22),  
2F 
” 
KL 
’ - E s in(Rt+e)  = z + ~  
Subs t i t u t ing   fo r  z and  and s implifying 
e = a rc t an  (si:: ) + a 
cos - 2hR + 1 
and 
E = 2(h+h) @ 
0 
Thus, 
F = K,(h+h) @ 
Jr 0 
(34 1 
(37 1 
14 
Therefore  the maximum s i d e  f o r c e  d u e  t o  a s inusoida l  s teer  angle ,  assuming a 
f i n i t e  c o n t a c t  p a t c h  l e n g t h ,  i s  
and i t s  corresponding phase angle is  given by e i n  Eq. ( 3 6 ) .  
The se l f -a l ign ing  torque  i s  found  from (24). 
2c 
z 
= F s i n ( n t + f )  
+ + & j  L 
Subs t i t u t ing  f o r  z and  and s implifying 
- 
= z -z  
+ [h+h) cos a * sin(?) - 2h s i n  a] 2 ) 1/2 
and 
f = a r c t a n  
Thus,  
+ a  
( 3 9 )  
Therefore  the maximum se l f -a l ign ing  torque  due t o  a s inqso ida l  s t ee r  ang le  i s  
and i t s  corresponding phase angle is  given by f i n  Eq. (40). 
IV. SCALE MODEL AIRCRAFT TIRE PROPERTIES 
Scale model a i r c r a f t  t i res  can  be  bui l t  whose s t a t i c  and slow-roll ing 
p rope r t i e s  c lose ly  match a f u l l  s i ze  p ro to type  on a dimensionless basis,  as 
was r e p o r t e d  i n  Ref. [2]. The t i r e s  used i n  t h i s  s t u d y  a r e  models  of a 40 x 
12 -14PR Ty-pe 311 a i r c r a f t  t i r e  w i t h a n 8 . 6 3  s c a l e  f a c t o r .  T h e i r  s t a t i c  prop- 
e r t i e s  c l o s e l y  match t h e  p r o p e r t i e s  r e p o r t e d  i n  Ref. [ 2 ] .  Figure 4 gives a 
comparison of the two t i r e s  used i n  t h i s  s t u d y  w i t h  t h e  p r o t o t y p e  i n  a slow- 
r o l l i n g ,  yawed t i r e  t e s t .  S i d e  f o r c e  and se l f -a l ign ing   to rque   proper t ies   a re  
impor tan t  in  eva lua t ing  shinmy theor ies ,  as  w i l l  be shown in  the  fo l lowing  
sec t ions .  S ince  in  shimmy t h e o r i e s  t i r e  v e l o c i t y  i s  one of  the  independent 
var iab les ,  it becomes important to determine the velocity dependence of these  
p r o p e r t i e s  i n  s t e a d y  s t a t e  r o l l i n g .  For t h i s  r e a s o n ,  a s e r i e s  of f i v e  model 
t i r e s  were run a t  v a r i o u s  yaw angles  up t o  speeds of 80 f t / s e c ,  and s ide  force  
and self-aligning torque recorded: Figures 5 ,  6, and 7 show t h o s e  r e s u l t s  
p lo t t ed   aga ins t  VNQ, a dimensionless  velocity.  The pneumatic t r a i l ,  9, 
i s  t h e  r a t i o  o f  CZ/F The r e s u l t s  show e s s e n t i a l l y  no ve loc i ty   e f f ec t  on 
s t e a d y  s t a t e  s i d e  f o r c e  and se l f -a l ign ing  torque  of  a yawed t i r e .  Dynamic 
and s t e a d y  s t a t e  d a t a  f o r  f u l l  s i z e  a i r c r a f t  t i r e s  i s  scarce,  so no compari- 
son of model  and prototype i s  poss ib l e  here. However, s i n c e  s t a t i c  and slow- 
ro l l i ng  p rope r t i e s  o f  model  and prototype agree,  i t  can be expected that  the 
s t e a d y  s t a t e  r e s u l t s  p r e s e n t e d  i n  F i g u r e s  5, 6,and  7 and t h e  dynamic r e s u l t s  
presented  in  Sec t ion  X I  a r e  r ep resen ta t ive  o f  f u l l  s i z e  a i r c r a f t  t i r e  p r o p -  
e r t i e s .  
J ;  
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Surface: CLEM CAST IRMl 
STANMRD C011DITILWS 
Fig. 4. Side force,  self-aligning torque, and pneumatic trail data for 
steady state yaw angles. 
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Fig. 5. Late ra l  fo rce  vs. speed f o r  model t i r e s  under s t e a d y  s t a t e  yaw. 
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Fig. 6. Se l f -a l ign ing  torque  vs. speed  for model t i r e s  under  steady 
s t a t e  yaw. 
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Fig. 7 .  Pneumatic trail vs. speed for  model t i r e s  under  steady 
s t a t e  yaw. 
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The model  and pro to type  t i re  opera t ing  condi t ions  and s t a t i c  shimmy 
p rope r t i e s   a r e   g iven   i n   Tab le  I. The l a t e r a l   s t i f f n e s s  was obtained 
s t a t i c a l l y  and a l s o  a t  f r e q u e n c i e s  up t o  6.5 Hz, the  highest  f requency used 
i n  t h e  l a t e r a l  dynamic experiments. The l a t e r a l  s t i f f n e s s  d i d  n o t  v a r y  more 
than 23% i n  t h e  e n t i r e  f r e q u e n c y  range. 
5 
In  view o f  t he  f ac t  t ha t  t he  t i r e  e l a s t i c  p rope r t i e s  de t e rmined  by s t a t i c  
or slow rol l ing experiments  did not  deviate  from those determined dynamically, 
wi th in  the  f requency  ranges  covered  here ,  the  s ta t ic  t i re  proper t ies  g iven  
i n  Tzble I were used for  the sabsequent  shimmy c a l c u l a t i o n s  g i v e n  l a t e r  i n  
t h i s  r e p o r t .  
TABLE I 
STANDARD TIRE OPERATING  CONDITIONS AND STATIC SHIMMY PROPERTIES 
Model A-20 25 4.33 .lo1 .202 .523 .804 .153 
Model A-21 22.5 4.54 .og8 .207 - .762  .167 
Model 14-22 20. 5 4.58  .og8 .211 .404  .776 .u6 
Model A-23 19.5  4 61 .099 .214 ,390 ,788 .132 
Model A-24 21 4.59 099  ,214  .298  . 16 .127 
Prototype 95 33.3 . O W  .210 .324  665 .1co 
40x 12 14 PR 
Type VI1 
V. DYNAMIC MEASUREMENT AND DATA ANALYSIS 
The 4-1/2- in .  diameter  model  t i res  previously descr ' lbed were run on t h e  
3 0 - i n .  d i a m e t e r  c a s t  i r o n  r o a d  w h e l  d i s c u s s e d  i n  R e f .  [ 2 ] .  A model t i r e  
and hub were mounted i n  a wide  yoke  which  a l lowed cons iderable  la te ra l  mo- 
t i o n .  The yoke i s  i n  t u r n  mounted on  a hinged arm i n  such a way t h a t  it 
can pivot  about  a v e r t i c a l  c e n t e r  l i n e  of the  wheel .  The hinged arm i s  loaded 
v e r t i c a l l y  b y  a s e r i e s  of dead  weights. The complete arm assembly i s  shown 
i n  F i g .  8.  
F ig .  8 .  Overall view of model t i r e  t e s t i n g  apparatus. 
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"h? 1ateTal motion of t he  wheel was obtained by a t t a c h i n g  t h e  a x l e  t o  an 
o s c i l l a t i n g  yoke which gave a sinusoidal displacement of known magnitude. 
This was driven by a modified saber saw, the  saw having included i n  i t s  @;ear 
t r a i n  a Scotch yoke  mechanism giv ing  a very  c lean  s ine  wave.  The motor speed 
con t ro l  i n  the saber  saw allowed a frequency range of 1.6 t o  6.5 Hz a f t e r  
ex t ra  gear ing  was added. The throw o r  p i t c h  of the walking beam was adjus t -  
ab le ,  and i s  i l l u s t r a t e d  more c l ea r ly  in  F ig .  9. This allowed  variable  ampli- 
tudes  from 0.025 in.  t o  0.200 in .  i n  e i the r  d i r ec t ion .  A l i n e a r  v a r i a b l e  
d i f f e ren t i a l  t r ans fo rmer  a t t ached  to  the  ax le  gave an  e l e c t r i c a l  signal pro- 
p o r t i o n a l  t o  t h e  a x l e  l a t e r a l  d i s p l a c e m e n t .  The l a t e r a l  f o r c e  between the  
point  of fixed displacement and t h e  t i r e  was measured  by means of  a s t r a i n  
gage force  t ransducer  inser ted  between the  ax le  and the walking beam of the  
saber saw mechanism. S imi la r ly ,   the   cor responding   se l f -a l ign ing   to rque  was 
measured by a small can t i l eve r  beam force t ransducer  capable  of measuring 
the torque on the  yoke about i t s  v e r t i c a l  p i v o t  a x i s .  F i g u r e l O i l l u s t r a t e s  
t he  en t i r e  appa ra tus  a s  it was s e t  up fo r  fo rced  l a t e ra l  d i sp l acemen t  of t h e  
r o l l i n g  t i r e .  The saber  saw i s  on t h e  r i g h t  w i t h  the  force  t ransducer  loca ted  
between  the  outside of the  yoke  and the  saw. The l i n e a r  v a r i a b l e  d i f f e r e n t i a l  
transformer i s  on t h e  l e f t  s i d e  of the yoke, while the self-aligning torque 
t ransducer  i s  underneath the arm and i s  hidden from view i n  Fig. 10. 
Sinusoidal steering motion was imposed using a low f o r c e  l e v e l  e l e c t r o -  
magnet ic  shaker  a t tached to  a s t e e r i n g  arm, which may be seen most c l e a r l y  
pro t ruding  f rom the  f ront  of t h e  yoke i n  Fig. 8. This shaker was used since 
it produced an extremely clean sine wave a t  t h e  low f o r c e  l e v e l s  needed f o r  
Fig.  9 .  Components of t h e   l a t e r a l   e x c i t a t i o n   s y s t e m .  
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s t e e r i n g  t h e  t i r e .  The shaker  operated  up t o  10 Hz. It gave  amplitudes up 
t o  2.6" using a 6-in. s t e e r i n g  arm. The shaker was a t t a c h e d  t o  a 6-in. tube 
a t  t h e  f r o n t  s i d e  of t h e  yoke a s  i s  shown i n  both Figs.  8 and 9.  Strain gages 
a t  t h e  b a s e  of t he  arm allowed the measurement of t he  moment i n p u t  t o  t h e  
t i , r e .  The l i n e a r  d i f f e r e n t i a l  t r a n s f o r m e r  was se t  pe rpend icu la r  t o  the  ax le  
of t h e  wheel and 6 in, from the wheel center, giving a signal proport ional  
t o  a s teer ing  angle .  The ax le  of t h e  wheel was r e s t r a ined  f rom l a t e ra l  motion 
and t h e  l a t e r a l  f o r c e  measured using the same force  t ransducer  as i n  t h e  
la teral  displacement  experiment .  This  system al lowed the t i re  to  be exci ted 
in  pure s inusoidal  s teer  while  s imultaneously measuring the resul t ing force 
and moment output. 
The input displacement and the  r e su l t i ng  fo rce  and moment s igna l s  were 
a l l  recorded  simultaneously on a four  channel  tape  recorder.  The frequency 
of the input motion was swept over the entire range from 1.6 t o  10 Hz. The 
da ta  was analyzed using a swept frequency computer program developed a t  t h e  
Bioe lec t r ica l  Sc ience  Labora tory  a t  The Universi ty  o f  Michigan.  Figure 11 
shows the basic  e lements  o f  the  process  in  i t s  schematic  form.  Figure 12 i s  
a sample Bode p lo t  ou tput  of t he  to rque  and phase angles for a s t e e r  i n p u t  of 
t h e  model t i r e  A-23. However, f o r  t h e  r e s u l t s  i n  S e c t i o n  V I ,  the amplitude 
r a t i o  and phase angles were printed out directly from the  computer program. 
It should be noted that  this  technique extracts  the frequency response from 
qui te  noisy output  s ignals  provided that  the input  is  a c l ea r  s inuso ida l  
s ignal .  This  computer  program i s  t h u s  q u i t e  v e r s a t i l e  i n  i t s  app l i ca t ion .  
I N P U T  
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Fig. 11. Schematic diagram o f  system  frequency  response  extraction. 
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wheel.  These  experiments gave t h e  i n e r t i a l  l o a d i n g  and phase  angles  associ- 
a ted with the mass of t h e  t i r e ,  yoke, and av le  and the  saber  saw dr ive  system. 
These i n e r t i a  f o r c e s  and corresponding phase angles were then subtracted vec- 
t o r i a l l y  from t he  dynamic s igna l s  i n  o rde r  t o  remove a l l  t h e  i n e r t i a  e f f e c t s  
from the  da ta .  
I 
28 
VI.  COMPARISON OF STRING  THEORY  CALCULATIONS AND MEASUREMENTS 
The fundamental purpose of t h i s  r e p o r t  i s  t o  compare ca l cu la t ed  dynamic 
t i r e  proper t ies ,  us ing  s t r i n g  theo ry  a s  a bas i s ,  wi th  such  proper t ies  mea- 
sured experimentally. Examination of t h e  general na ture  o f  s t r i n g  theory 
seems t o  show t h a t  t h e  c l e a r e s t  way t o  a c h i e v e  t h i s  i s  t o  s e p a r a t e l y  a p p l y  
l a t e r a l  d i s p l a c e m e n t s  t o  t h e  tire, bo th  theo re t i ca l ly  and experimentally,  and 
t o  i n  a d d i t i o n  s e p a r a t e l y  a p p l y  a s inusoida l  steer a n g l e  t o  t h e  t i r e ,  a g a i n  
i n  b o t h  t h e  a n a l y t i c a l  and experimental  modes. Comparison o f  t h e  r e s u l t i n g  
force  and moment amplitudes and phase angles then provides a good t e s t  of 
such s t r ing theory.  This  in  turn should be helpful  in  deciding whether  or 
not such theories are adequate for shimmy computations. 
The fundamentals of s t r ing  theo ry  were  ou t l ined  in  Sec t ion  I11 o f  t h i s  
repor t ,  and ca l cu la t ions  were made using those expressions for l a t e r a l  f o r c e ,  
se l f -a l ign ing  torque  and their  corresponding phase angles under conditions of 
l a t e r a l  wheel  displacements and s teer   angle   displacements .  The t i r e  param- 
e t e r s  used i n  these  computations,  namely, X, h, a n d  were  obtained from 
s t a t i c  v a l u e s  or based on s t a t i c  measurements of t h e  model t i r e s  used i n  
5 
these experiments. 
One c l ea r  a spec t  o f  s t r i n g  t h e o r y  as used t o  d e s c r i b e  t h e  a c t i o n  of  
pneumatic t i r e s  i s  the  comple t e  l i nea r i ty  o f  fo rce  and se l f -a l ign ing  torque  
w i t h  r e s p e c t  t o  l a t e r a l  d i s p l a c e m e n t  or s t e e r  angle. The force  and moment 
quan t i t i e s  a re  exac t ly  p ropor t iona l  t o  d i sp l acemen t  or s t e e r  a n g l e  i n  t h e  
s t e a d y  s t a t e  c o n d i t i o n .  I n  o r d e r  t o  c h e c k  t h i s  r e su l t  experimentally,   both 
l a t e r a l  a n d  steer angle displacement experiments were conducted a t  two ampli- 
tudes.  The r e s u l t s  a r e  shown a t  F i g s .  13 and 14 f o r  two d i f f e r e n t  s u r f a c e  
speeds.  Figure 13 shows se l f - a l ign ing  to rque ,  l a t e ra l  fo rce ,  and  the  two cor- 
responding phase angles  due to  la teral  displacement  of  the igheelhub. It i s  
i n t e r e s t i n g  t o  n o t e  t h a t  for both  la te ra l  d i sp lacement  and  s teer  inputs ,  good 
l i n e a r i t y  e x i s t s  f o r  b o t h  f o r c e  a n d  moment ampl i tudes ,  as  wel l  as  the i r  phase  
angles.   Figures 15 and 14 i l l u s t r a t e  t h a t  l i n e a r  s t r i n g  t h e o r y  i s  q u i t e  
effect ive  in   these  experiments .   Figure 13 a l s o  shows t h a t  t h e  s e l f - a l i g n i n g  
torque  per  un i t  l a te ra l  d i sp lacement  i s  always s l i g h t l y  l a r g e r  f o r  t h e  s m a l l e r  
of  the  two displacement  inputs .  It i s  known t h a t  t h e  s e l f - a l i g n i n g  t o r q u e  i s  
v e r y  s e n s i t i v e  t o  s l i p  i n  t h e  c o n t a c t  p a t c h ,  a n d  a l s o  t o  s u r f a c e  c o n d i t i o n s .  
It  a p p e a r s  t h a t  t h e  b a s i c  l i n e a r i t y  i s  not  necessar i ly  assured  in  the  exper i -  
mental  s i tuat ion,  a l though the deviat ions are  not  major .  
Figure 14 shows se l f - a l ign ing  to rques ,  l a t e ra l  fo rces ,  and  phase  ang le s  
for   s inusoida l   s teer   angle   input .   Here ,   in  a general  way, t h e  r e s u l t s  show 
e x c e l l e n t   l i n e a r i t y .  Two fea tures   a re   o f   par t icu lar   impor tance   here .  The 
p h a s e  a n g l e  f o r  t h e  l a t e r a l  f o r c e  e x h i b i t s  a d i s c o n t i n u i t y  a t  7.8 Hz a t  5.1 
f t / sec  sur face  ve loc i ty .  This  probably  ind ica tes  a system  natural   frequency 
s ince  the  co r re spond ing  l a t e ra l  fo rce  has  d ropped  to  a very  smal l  va lue  a t  
t ha t  cond i t ion .  The s e l f - a l i g n i n g  t o r q u e  a l s o  e x h i b i t s  a maximum a t  t h i s  
same f requency  a t  a su r f ace  ve loc i ty  o f  19.7 f t / s e c .  I n  a d d i t i o n ,  s e l f -  
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s teer  exci ta t ion frequency for  different  input  ampli tudes.  
vs . 
a l ign ing  to rque  a l so  exh ib i t s  a l a r g e  and obvious sh i f t  a t  app rox ima te ly  3 
Hz, which may be a t i r e  natural frequency. Calculations based, on S t r ing  
theory  ind ica te  tha t  such  i s  the case.  The phase jump accompanying t h i s  
natural  f requency indicates  that  small  ampli tude steer motion i s  more sus-  
cep t ib l e  to  phase  jump e f f ec t s  t han  l a rge  ampl i tudes  s t ee r  motion.  This 
seems t o  imply that ' smal l  ampli tude experimental  work would be more s a t i s -  
factory for  checking var ious shimmy t heo r i e s  t han  would large amplitude ex- 
periments. 
Again, s t r i n g  t h e o r y  c a l c u l a t i o n s  a r e  shown i n  Fig. 14 compared w i t h  ex- 
perimental   data.   In  general ,   the  experiments  indicate  an  approximately  l inear 
r e l a t i o n s h i p  between s teer  angle  ampli tude and the  co r re spond ing  l a t e ra l  fo rce  
amplitude. T h i s  i m p l i e s  t h a t  t i r e  p r o p e r t i e s  s u c h  a s  l a t e r a l  s t i f f n e s s  re- 
main nearly constant over t h i s  range  of  amplitude and frequency. Hence, t h e  
a s s u m p t i o n  t h a t  l a t e r a l  s t i f f n e s s  i s  a constant  property o f  t h e  t i r e ,  mea- 
surable  a t  zero  f requency  and ze ro  ro l l i ng  ve loc i ty ,  i s  probably  jus t i f ied .  
Figures 15, 16, and 17 show s i m i l a r  r e s u l t s  for other road wheel veloci- 
t i es .  Pred ic t ions  based  on t h e  l a r g e s t  and smal les t  road  sur face  ve loc i t ies ,  
aga in  us ing  s t r ing  theory ,  a re  a l so  shown. Figures  18 and 19 a re  th ree -d i -  
mensional  plots  of l a t e r a l  f o r c e  f o r  v a r y i n g  l a t e r a l  and s t ee r  ang le  d i s -  
placements.  These a t t e n p t  t o  convey the  re la t ionship  of  exc i ta t ion  f requency  
and road speed t o  t h e  cor responding  la te ra l  force .  
An examinat ion of  s t r ing theory equat ions as  shown i n  S e c t i o n  I11 suggest 
that  the important  independent  var iable  i s  t h e  r a t i o  of  t he  exc i t a t ion  f r e -  
quency t o  road  speed.  Figures 20, 21, and 22 p r e s e n t  t h e  r e s u l t s  from  a 
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Fig. 13. Latera l   force ,   se l f -a l ign ing   to rque ,  and  phase  angles vs. l a t -  
e ra l  exc i ta t ion  f requency  f o r  t i r e  A-20. 
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Fig. 20. La tera l   force ,   se l f -a l ign ing  torque, and  phase  angles vs. re- 
sponse frequency in  dimensionless  form fo r  l a t e r a l  e x c i t a t i o n  of t i r e  
A-20. 
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sponse frequency in dimensionless form for l a te ra l  exc i t a t ion  o f  t i re  
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Fig. 22. Lateral  force,  self-aligning  torque,  and  phase  angles vs. re- 
sponse  frequency  in  dimensionless  form for steer  excitation of tire A-23. 
variety of  road speed tests, bu t  now i n   t h e  form of dimensionless parameters. 
The independent variable i s  chosen t o  b e  (- -) and may be thought of as a 
forcing  frequency. The dependent  variables are dimensionless l a t e ra l  force,  
se l f -a l ign ing  torque  and t h e i r  corresponding  phase  angles.  In  Figs.  20, 21, 
h r n  
"0 
and 22, t h e  most n o t i c e a b l e  r e s u l t  i s  t h a t  t h e  d a t a  clusters c lose ly  about  
a s ing le  band using t h i s  r a t i o  n / v  Two o r  more experimental   data   points  
near o r  a t  t h e  same dimensionless frequency are a c t u a l l y  d a t a  from two or  
0. 
more separate road speed tests. The d a t a  f o r  l a t e r a l  d i s p l a c e m e n t  o f  t i r e  
A-20 i s  shown i n  Fig.  20.  There i s  excellent  grouping  of t h e  se l f - a l ign ing  
torque and the  la te ra l  force  response  va lues ,  as  wel l  as the phase angles ,  
w i t h  the   se l f -a l ign ing   to rque   having   the   g rea tes t   d i spers ion .   S imi la r ly ,  
d a t a  f o r  t h e  l a t e r a l  e x c i t a t i o n  o f  t i r e  A-23 i s  shown i n  Fig. 21. Again the  
grouping i s  exce l len t  except  for  some of t h e  s c a t t e r  i n  s e l f - a l i g n i n g  t o r q u e  
curves. However, it should be po in ted  ou t  t ha t  s e l f - a l ign ing  to rque  i s  ex- 
t r e m e l y  s e n s i t i v e  t o  f r i c t i o n  and surface property condi t ions which may vary 
from t e s t   t o   t e s t .  
The d a t a  f o r  s t e e r  a n g l e  e x c i t a t i o n  o f  t i re  A-23 i s  shown i n  Fig. 22. 
Again the grouping i s  exce l len t  except  for  a s e r i e s  o f  i s o l a t e d  p o i n t s  shown 
i n  t h e  dotted areas.  All of these points  represent  data  taken between 7.5 
and 8 Hz exci ta t ion,  a t  var ious road speeds.  Two of  these areas  were  previ-  
ously mentioned i n  a discussion of Fig. 14 as  a reas  involv ing  na tura l  f re -  
quencies of the  t i r e  o r  supporting arm system. The independence of  road 
speed from t h i s  phenomenon sugges ts  tha t  t h e  7.8 Hz region i s  probably m e  
of t h e  n a t u r a l  f r e q u e n c i e s  i n  t h e  e n t i r e  hinged arm o r  some par t  o f  it. 
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I n  any  case  these  a reas  con ta in  da t a  i so l a t ed  from the general  range of t h e  
o ther  t e s t  points.  
Figures  20 and 21 show predic t ions  for  la te ra l  d i sp lacement  of  model 
t i r e s  A-2C and A-23. Point  contact  theory seems t o  p r e d i c t  l a t e r a l  f o r c e  
and phase angle  re la t ionships  s imilar  to  those observed i n  t h e  experiments. 
However, t h e  b a s i c  l i m i t a t i o n  o f  p o i n t  c c n t a c t  t h e o r y  i s  t h a t  it p r e d i c t s  a 
zero  se l f -a l ign ing  torque .  F in i te  contac t  pa tch  theory  seems t o  p r e d i c t  a 
cor rec t  genera l  t rend  but  the  numer ica l  va lues  a re  not  as  c lose  to  the  ob- 
served data  as  i s  point contact theory.  The l a t e r a l  f o r c e  p r e d i c t i o n s  a r e  
approximately 2% higher  than the observed data  while  the self-al igning torque 
predict ions  are   about  10% higher. However, the  phase  angle  of  the  se l f -  
a l ign ing  torque  i s  remarkably close t o   t h e  observed data and so i n  g e n e r a l  
one may conclude that  on t h e  whole s t r ing  theory  appears  to  be  a reasonably 
good method o f  p red ic t ing  the  dynamic c h a r a c t e r i s t i c s  o f  a pneumatic t i r e  
under l a t e r a l  e x c i t a t i o n .  
S imi la r  pred ic t ions  for  the  case  of  s inusoida l  s teer  exc i ta t ion  of model 
t i r e  A-23 a r e  shown i n  Fig. 22. Again point  contact  theory only predicts  
s ide  force  and i t s  phase  angle. The ampl i tude  of  th i s  force  agrees  fa i r ly  
well  with observed model t i r e  da ta  but  the  phase  angle  pred ic t ion  d i f fe rs  
somewhat from the  observations.  On the  o the r  hand, t h e  f i n i t e  c o n t a c t  
patch theory seems t o  p r e d i c t  v a l u e s  much c loser  towhat  i s  observed. Here, 
however, t he  l a t e ra l  fo rce  phase  ang le  p red ic t ions  ind ica t e  a d i scont inui ty ,  
while   the  observed  data  shows more gradual  changes.  Self-aligning  torque 
predic t ions  appear  to  be  on  the  whole  ra ther  good. 
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An apparent weakness of current shimmy theo r i e s  i s  t h e i r  dependence upon 
e l a s t i c  p r o p e r t i e s  and r e l axa t ion  l eng th  of t i res  t aken  f rom ' s t a t i c  o r  slow 
r o l l i n g  t e s t s .  One objec t ive  of  th i s  present  s tudy  was comparison of predic- 
t ions  of  dynamic t i r e  f o r c e s  and moments wi th  measured values i n  o r d e r  t o  
va l ida t e  t h i s  procedure,  or t o  prove it wrong. I n  o r d e r  t o  check t h i s ,  a 
parametric stLidy was c a r r i e d  o u t  i n  which varying l a t e r a l  s t i f f n e s s  v a l u e s ,  
K and re laxa t ions  length ,  h, were  used i n  o r d e r  t o  a t t e m p t  t o  f i n d  a s e t  of 
values which would cause our computations t o  a g r e e  more c lose ly  wi th  the  
experimental  values  of  Figs. 20-22. Various  attempts t o  do t h i s  seem t o  show 
tha t  t he  s t a t i c  va lues  ob ta ined  from Table I give resul ts  approximately as  
good as  can  be obtained by any other  set  of  values .  
L' 
I n  summary, t h e  r e s u l t s  i n d i c a t e  t h a t  l a t e r a l  f o r c e s  and se l f - a l ign ing  
t o r q u e s  a r e  l i n e a r l y  p r o p o r t i o n a l  t o  t i r e  l a t e r a l  s t i f f n e s s  K and t o  t h e  
amplitude of e i the r  s t ee r  o r  l a t e ra l  d i sp l acemen t .  In  add i t ion ,  t he  r e su l t s  
show t h a t  t h e  r a t i o  Cl/v i s  the proper independent variable by which f r e -  
L 
0 
quency  should  be  measured. The comparison  between  experimental  data and 
s t r ing  theo ry  p red ic t ions  ind ica t e s  su rp r i s ing ly  good agreement between the 
two i n  a genera l  way, u s i n g  l a t e r a l  s t i f f n e s s  and relaxat ion length values  
obtained from t h e  s t a t i c  or  s lowly  ro l l i ng  t i r e .  
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I X .  CONCLUDING REMARKS 
Comparisons between measured t i r e   f o r c e  and moment response,  using small- 
s c a l e  models, and computa t ions  us ing  the  so-ca l led  s t r ing  theory  to  descr ibe  
t h e  t i r e  c e n t e r l i n e  d i s p l a c e m e n t ,  show tha t  i n  gene ra l  s t r ing  theo ry  p rov ides  
an adequate model f o r  u s e  i n  shimmy analyses of tire-wheel systems. While 
t h e  c a l c u l a t e d  t i r e  p r o p e r t i e s  sometimes d i f f e r  q u a n t i t a t i v e l y  from t h e  mea- 
sured  proper t ies ,  in  a l l  ca ses  the  t r ends  a re  co r rec t  a.nd i n  most cases  quan- 
t i t a t i v e  agreement i s  su rp r i s ing ly  good. All such  computations  were  performed 
u s i n g  t i r e  e l a s t i c  p r o p e r t i e s  o b t a i n e d  from s t a t i c  or slow r o l l i n g  t e s t s .  
Based on t h e s e  r e s u l t s ,  it seems qu i t e  p robab le  tha t  no s i g n i f i c a n t  i m -  
provement in  the  accuracy  or v a l i d i t y  of ex i s t ing  shimmy theor ies  could  be  
achieved by attempting t o  i n c o r p o r a t e  i n t o  them e l a s t i c  p r o p e r t i e s  of t h e  
t i r e  g o t t e n  from  high-speed or high-frequency dynamic t e s t s .  Not on ly  a re  
such tes ts  extremely expensive,  but  based on t h e s e  r e s u l t s ,  s u c h  t e s t s  would 
not  change shimmy predict ions  appreciably.  Improvement i n  s h i w  p r e d i c t i o n s  
must be sought i n  o the r  a reas .  
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